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A detailed mathematical analysis of the Berenger PML method
for the electromagnetic equations is carried out on the PDE level,
as well as for the semidiscrete and fully discrete formulations. It is
shown that the split set of equations is not strongly well-posed and
that under certain conditions its solutions may be inappro-
priate. © 1997 Academic Press

I. INTRODUCTION

A long standing problem in computational electromag-
netics has been the issue of finding infinite space solutions
on a finite numerical domain (see [4] for references). One
way of preventing outgoing waves from reflecting from the
artificial numerical boundaries is to introduce an absorbing
layer rather than look for more efficient nonreflecting
boundary conditions. Berenger (1994) introduced his PML
(“perfectly matched layer””) method in which the usual
Maxwell equations are split, thus creating, in the absorbing
layer, waves which decay in all directions of propagation
and which match the internal vacuum solution. There are
many reports [4] of successful application of his PML meth-
odology, lowering the overall reflection coefficients by
many orders of magnitude. Recently the PML approach
has been applied to the field of acoustics [S]. In this study
it was found that filtering was necessary in order to avoid
temporal instabilities.

In this paper we conduct a detailed mathematical analy-
sis of the PML formulation applied to the two-dimensional
transverse-electric mode (TE) of Maxwell’s equations. The
conclusions of this analysis hold also for all other forms
of the equations.

We were interested in the well-posedness of the PML
formulation, and therefore investigated the pure-initial
value problem. The main conclusion is that the PML split-
form of Maxwell’s equation is only weakly well-posed and
therefore its solution diverges under some small perturba-
tions, an example of which is provided.

Section II of this paper demonstrates that unlike the
original Maxwell’s equations, the PML split equations are
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not strongly well-posed. As a result, under a perturbation
of size &, the solution will have an explosive mode propor-
tional to exp[Vwé/uot].

In Section III we consider the semidiscrete (discretizing
space only) version of the PML formulation. The analysis
is carried out for central spatial differencing of arbitrary
order of accuracy. We show that each of the split (nonphys-
ical) magnetic components diverges as the spatial mesh
becomes finer (Ax — 0), and for a fixed Ax they grow
linearly in time.

In Section IV we analyze the widely used, fully discrete
Yee scheme [4]. We show that the Yee algorithm applied
to the split equations satisfies the von Neumann condition
under the same time-step restrictions as when applied to
Maxwell’s equations. However, the von Neumann condi-
tion is only necessary and not always sufficient. This is true
in the present case, where we show that the norm of nth
power of the amplification matrix, G", grows linearly with
n, ie., [|G"| ~ n.

The findings of this investigation imply that under certain
conditions, perhaps not always met in practical computa-
tions, such as a highly refined grid or very long time of
integration, the PML method might not yield the appro-
priate results.

In a future paper we shall introduce a set of equations
which are strongly well-posed and whose solution decays
in all possible directions of wave propagation while being
perfectly matched at the interface.

II. THE PML METHOD IN 2D—THE PDE LEVEL

We can study the mathematical consequences of the
PML method by considering the two dimensional trans-
verse-electric mode (TE) case [4]. Maxwell’s equations in
2D for the TE case may be written as

M:AM-FBM-FCW,

2.1
ot 0x ay 21

where W = (E,, E,,H,)"; E,, E,,and H, being respectively
the electric-field components in the x, y directions and the
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magnetic field component normal to the domain of calcu-
lation.
The matrix coefficients A, B, and C are given by

0 0 0 0 Osl
1 0
a=|0 0 e | B= 0 0|
0o —L o L oo
o
o 0 22)
2N
c=[o -Z o
2N
k
o o -Z
Mo

Here ¢y and u are the free space permittivity and perme-
ability, and o and o* denote, respectively, possible electric
and magnetic losses assigned to free space. The speed of
light in free space is given by ¢ = (gouo) />. Note that in
the rest of this paper we will use H = H, without introduc-
ing any ambiguity.

The system (2.1) can be symmetrized through the follow-
ing change of variables: Let
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and

C=Ty,'CT,=C. (2.6)

Also note that using the above, E, = E,, E, = E,, and
H = VuyleoH, and we have

V = (E,, E,, VimoleoH). 2.7)

Since in (2.5) all the matrix coefficients are now symmetric,
the system is by definition symmetric hyperbolic [3, p. 119],
and therefore it is strongly well-posed.

Next we will show that the PML formulation is not
strongly well-posed. The loss of this property is very sig-
nificant in that it will lead to instabilities in any numerical
scheme. This point will be elaborated further in the next
section.

Under the PML-formulation the 3 X 3 system becomes
the following 4 X 4 system, due to the splitting of the
orthogonal magnetic field, H, into nonphysical components
H, and H,. The system may be written as

V=T'W=(E,E, H),

where
1 0 O 1 0 O
1 1
ol = 0 0 T, = 0 0 .
00 [ 00 /2
&9 Mo

The resulting system is

V,=AV,.+ BV, +CV,

where
0 0 0
A=Ty'AT, =0 0 —c],
0 —c O
C
B=Ty'BT,=|0 0 0
c 00

2.3)

(2.4)

2.5)

Wo _ 4 awb+Baw,,+CW 2.8
o P ox b oy b¥bs (2.8)
where
wb = (E)m Eyv HXv Hy)Tv (29)
0 0 0 0 0 Slsl
0 0
o o -+ -1
s & 0 0 0
Ab: ) Bb
0o -L 0o o 0000
/"LO 1 0 0
0 0 0 0 o
(2.10)
N
€o
O-X
0o ——= 0 0
€0
Cb: "
o o -Z o
Mo
K
o o o -Z
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Note that the losses are not necessarily isotropic.

The lower order term, C,W,, in (2.8) does not affect
the well-posedness of the problem and we shall, therefore,
study this issue by considering (2.8) without this term.

First we shall show that (2.8) cannot be simultaneously
symmetrized by a similarity transformation. Consider the
diagonalizer of A,

1 0 0 0
0 1 1 0
T= ;
0 cey —Cg -1
0 0 0 1
(2.11)
1 0 0 0
R
71— CE&g CE&g
NS R
2 2C8() 2C8()
0 0 0 1
Then we have
0 O 0 O
0 —c 0 O
T-'4,T = (2.12)
0 0 —-c O
0 O 0 O

The most general diagonalizer of A, is § = TR, where the
columns of T are the eigenvectors of A, and R is a matrix
such that the column of § are the most general representa-
tion of the eigenvectors of A,. In our case, the first and
fourth columns of T correspond to a zero eigenvalue.
Therefore the first and fourth columns of S are linear
combinations of the corresponding eigenvectors in 7.
Thus,

a 0 0 B

0 0 0
R = .

00 Q 0

y 0 0 §
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If § cannot symmetrize the matrix B,, via a similarity
transformation, then A, and B, cannot be symmetrized
simultaneously [1]. Indeed,

aBeyc? _drc 8¢ B2ec?
A A A A
ac Bc
2T 0 0 2T
S1B,S = , (2.13)
ac 0 0 Be
27 27
_a’ec® oy yQc  afec’
A A A A
where
A= adb— By.

The only way to make (S7'B,S)14 = (S7'B,S)41, is by
making & = 8 = 0. This makes R, and therefore S, singular.
Clearly A, and B, cannot be symmetrized simultaneously.
Thus the PML equations (2.8) have lost an important prop-
erty of the original TE equations (2.1), namely symmetry.
This by itself does not imply non-well-posedness.

We will, however, show that the pure initial-value prob-
lem for (2.8) is only weakly well-posed. This means [3] that
the norm of the solution in bounded (up to exponential
growth in 7) not only by the norm of the initial data, but
also by the norm of the initial spatial derivatives. Such a
weakly well-posed problem becomes ill-posed under some
small perturbation.

Since (2.8), without the lower order term, is a 4 X 4
system with constant coefficients, we can examine its well-
posedness by considering the system resulting from Fourier
transforming the equations. The resulting system of equa-
tions is

GEX lwy A A
=—(H, + .
= (1) (2.14a)
oF .
— = ——L(A, + H,) (2.14b)
ot 0
SI:IX i(l.)l A
=—FL 2.14
o o (2.14¢)
oH, iw, .
S Mg (2.14d)
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where the Fourier transform F, of F, is defined by
Flx,y. 1) = - j - j " Flor, @2, @@ doy dan,  (2.15)
bl 9 27T —» w 9 9 9

and therefore, as usual, iw; and iw, represent partial differ-
entiation in the x and y directions, respectively.
The initial values appropriate for (2.14) are

E(0) =&, E,0)=4g (2.16)
H(0) = ho— 4, H,0) =4, (2.17)

where (2.17) reflects the fact that for the original physical
problem, (2.1)-(2.2), there is only one magnetic initial
value, H(0) = H,(0) + H,(0) = hy.

The solution of (2.14), subject to (2.16)—(2.17), is

w% w102

A

2 80

Exz é0+

w? + w3 0!+ 3
iwz

+—
gocVoi+ vl

W02

(hysin vt — B cos vi) (2.18a)

o
0
0! + w3 0!+ o

8
[
)

280
3
iw1
eocVoi+ v

(0} + w%)fo
w% + w%

(ho sin vt — B3 cos vt) (2.18b)

27 . A A
_— (J)zho - lwlwz(wleo + (Uzg())

(1 + w3)uo

2

+ 5 (ho cos vt + o sin vr)

Ty ol (2.18¢)

2 2 AY)
A (Dzh() - ((01 + (1)2)/0
i + 0}

w1y (w18 + w28)
(01 + w3

(1)2

+ —— (ho cos vt + Bsin vt),

ca (2.18d)

where

iO)zéo - iwlg()
v=cVal+wi B=-—0 1 (2.19)
wocVoi + w3

Note that while, from (2.18), we get
H=H,+ H,= hycos vt + Bsin vt

which is also the solution to the original 3 X 3 system,
each (nonphysical) component, H, and H,, has a linear
growth in time with a coefficient which is not bounded in
oy, w,. This implies that ||H(¢)| and ||H,(¢)| cannot be
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bounded by the norm of the initial data, but rather depends
also on the norms of the initial spatial derivatives of £,
and Ey. Thus the system (2.8) is only weakly well-posed. 1t
is well known [3] that unlike strongly well-posed problems,
which remain strongly well-posed under general small per-
turbations, weakly well-posed systems become ill-posed
under some small perturbations.

Next we shall show that the system (2.8) is ill-posed
under the perturbation represented by

00 -6 68\ [E
00 -8 8||E

(2.20)
00 0 OffH,
00 0 0f\H,

The perturbed (2.8), after Fourier transforming, becomes

ow, . .
—L= MW, (2.21)
Jat
where
0o o0 .5 i
) €0
L1 110}
0 0 —=06 —+5
A €0 €o
M, = ) (2.22)
1108
0o — 0 0
Mo
2 0 0
L Mo .
The eigenvalues of M,,, A, satisfy the quartic algebraic

equation

+
jlont o) 5] pe
Mo
2i

— = cHww)(w; + @) = 0.
Wo

A4+ [cz(w% + wd) —
(2.23)

For ill-posedness it is enough to show that at least one of
the four A’s has a positive real part which grows with any
combination of w;, w,. For example, consider the case of
w; = w, = o > 0. Then (2.23) becomes

2l 5) = 0.

” (2.24)

X + 2¢%?) </\2
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The first factor gives us the usual purely imaginary eigen-
values. The second factor yields

-1+ )(“’5>U2. (2.25)

Clearly one of the roots has a real positive part that grows
as Vwd/uy; i.e., we have an ill-posed problem under
small perturbation.

A= (2i )1/2‘“ 5/

III. THE 2D PML METHOD—THE
SEMI-DISCRETE LEVEL

We consider the right-hand side of (2.8) (again without
the lower order term). Under symmetric differencing a
first derivative operator of order of accuracy p may be
written as

M, L,

2 1 SS 85+ O(Ax, Ay). (3.1
ox X m=-Mm, =L,

A similar expression holds for 4/dy.

S, and S, are the shift operators in the x and y directions,
respectively; 2M,, and 2L, are the numerical domains of
dependence. In addition, «,,, = —a_,, G,
When (3.1) and the analogous expression for 9/dy are ap-
plied to a linear combination of waves made up of the
components e'7e”™ (where x = jAx, y = kAy), we get
expressions of the form

= —Oy

. 1
21209 5
0 1

i iQ2(6, ¢)A—,

where 6 = q Ax, ¢ =r Ax,and Q,, O, are finite polynomials
in sin m#6, sin /p.

Thus the semidiscrete version of (2.8) (without the au-
tonomous term) will take the form

aa_% SLQZ (H, + H,) (3.2a)
aa—liy = o A (H,+ H,) (3.2b)
agx = —JOQAlx E, (3.2¢)
aa—lfy - M’;Q;y (3.2d)
with initial values (see Egs. (2.16), (2.17)):
E(0)=ey, E(0)=gy, H,=hy—4, H,=4. (3.3)
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The system (3.2), (3.3) is identical to (2.14), (2.16), (2.17)
with w; — O1/Ax, w, — Qy/Ay, &y — e, §o — go, ho —
hy, and /, — /). We can therefore use (2.18) to write down

the solution to (3.2). In particular we get for the “secular”
terms H,, H,:

H = 03 e i0,0, [%Q1€0 + ngo]L
o0 Y we | A0+ 03
RO7
+ T2OE+ O 0+ 0 [Ao cos vt + B sin vt]
(3.4)
3 R +
H, = 03 & 10,0, [ '/7Q21€02 szgo} ot
01+ O3 Mo RQ7 + 03

2
+ % [ho cos vt + B sin vt],

where 2 = Ay/Ax is the ““computational-cell aspect ratio.”
Since Q1(6, ¢) and Q,(6, ¢) are bounded we see that under
mesh refinement (with fixed #) H, and H, will separately
diverge. Since in real computation there are always round-
off errors in the sum H = H, + H,, the two growing terms
which theoretically cancel each other, will not do so. This
is true, according to (3.4) for any spatially nondissipative
discretization, and also for any temporal finite differencing.
A specific example for a commonly used algorithm is pre-
sented in the next section.

IV. THE APPLICATION OF YEE METHOD TO THE 2D
PML FORMULATION

A popular scheme is the one due to Yee [4]. The algo-
rithm is staggered both in space and time and is of second-
order accuracy in both. For the TE case considered in the
previous section the Yee formulation applied to the PML
system gives

En+1 En +A5 (Hn+1/2+Hn+1/2)
n+l — n At n+1/2 n+1/2
EYt = Ef = =0 (H2 + HY')
4.1)
H2+1/2 — Hﬁ—l/Z _ E 5XE"
Mo Y
At
H;H/z — H;1+1/2 + _5yE;l’
Mo
where
1
5xuj,k = A_x (uj+1,k - Uj—l,k)
(4.2)
1
Ol = Ay (Wks1 = Ujp-1)-
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Equation (4.1) may be cast in the following matrix form
after setting

At —
At%?9 Hx9Hy% 8O/I“(‘O(I_Ix’l_ly)
1 0 —As, —A,\ [ E
0 1 As, At Eyt!
00 1 0 Hn+12
00 0 1 Hur2 (4.3)
1 0 0 0 E%
0 1 0 0| EI
0 -As, 1 0| Hr2]
Ats, 0 0 0 \gr'”2

or more compactly,

G Wit = GrW3, (4.4)
where the definitions of W},
evident.

The Fourier symbols of &, and &, are, respectively,

2. G, and Gy are self-

Oy — 2\ sin 0 = iky, 8,— i2A,sin ¢ = iky, (4.5)

where A, = At/Ax, A, = At/Ay, and —7/2 = 0, ¢ = 7/2.
The transformed system (4.4), after inverting, becomes

a

Wil = G GrW” = GW™, (4.6)
where
1 0 ik, ik 1 0 00
G 0 1 —iky —ik, 0 1 00
00 1 0 0 —ikk 1 0
00 O 1 ik, 0 0 1
4.7
1—-k3 kk, ik, ik,
| kike 1- k¥ —ik, —ik
- 0 —iky 1 0

ik, 0 0 1
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A necessary, but not sufficient, condition for the stability
of (4.6) is that all the eigenvalues of G are less than or
equal to 1 in magnitude (the von Neumann condition).
The eigenvalues w of G are

w=1,1,1 —%i V2 —y=11Lu. ., (48)

where y = k + k3. These values of u satisfy the necessary
condition for stability, provided we have y < 4, leading to
the CFL condition A? + A2 = 1. Under this condition, all
the w’s in (4.8) satisfy |u| = 1. However, as we shall shortly
show, even though the scheme meets the von Neumann
condition, it is unconditionally unstable. In fact |G"|| ~ n,
where n = t/At is the number of temporal iterations. This
follows from the fact that the amplification matrix G may
be written

we 0 0 O
0 m- 0 O
G = T] Til = T]JT;I’ (49)
0 0 1 1
0 0 01
where T is the “Jordanizing” matrix
ks k, 0 ik,
-k, —ky 0 ik
2 72
T=_H_ k| @0
1— s 1— -
k3 k3
K5 _ K3 1 0
1— s 1— -
Note that
G"=TJ"'T;!
wi 0 0 0
0 "0 4.11
0 0 1 n
0 0 0
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Using _ NG|l _ VUK + 1UK3 + 2

[lexol VK + 1113
G«

1G] = max <l (“.12) .V

Va0 V1/k3 + 1/k3

Thus |G”|| grows linearly with n for practically any wave
length.

vV

Vi, k.

we have
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